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Let A = (a,) be a k-tuple of positive integers. We define a new k-tuple 
2 = (I a, - a,+, I) by taking numerical differences. If  this process is repeated, even- 
tually repetition takes place, resulting in a cycle. We show that except for constant 
multiples there are only a finite number of cycles. We determine explicitly those k- 
tuples which are in a cycle. 
1. INTRODUCTION 
Let A = (a,, a, ,..., ak-,) be a k-tuple of positive integers. We obtain a new 
k-tuple X= (a;, a; ,..., ai-, ) by taking numerical differences; that is, 
a; = ]a, - a,, i ], Subscripts are always to be reduced modulo k so that 
a;-, = IQ/(-* -a,[. 
If we consider tuples A,, A, ,..., A, ,..., where xi = Ai+, , then at some stage 
repetition must take place since max A, > max A,+ i and there are only a 
finite number of arrangements of k things using numbers less than or equal 
to max A,. If A,, = A,,, then we call A,,, A, ,..., A,-, a cycle of length n. 
It is well known that when k = 2’ every k-tuple A eventually leads to the 
trivial or zero-tuple (0) = (0, O,..., 0) [l-7]. Thus when k = 2”there is only 
one cycle, the trivial one. This is not the case when k = 2’k’, k’ odd and 
greater than 1. A necessary but not sufficient condition that the differencing 
process eventually takes a tuple A = (a,) to (0) is that 
at+ 2r = ai (mod 2). 
Thus we seek to characterize the cycles of k-tuples for k = 2’k’. We will 
show that except for constant multiples there are only a finite number of 
cycles. We will explicitly determine those tuples which are in a cycle. 
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2. A REDUCTION OF THE PROBLEM 
The proof of the following lemma is immediate. 
LEMMA 1. For any k-tuple (ai) we have 
(Aa, + 6) = n(G), AEZf, 6 E z+ u (0). 
By Lemma l,A,,A, ,..., A,-, is a cycle if and only if JA,, , M, ,..., J.A n _ 1 
is a cycle. Thus in seeking to characterize cycles we need only consider 
tuples A = (ai) for which the nonzero terms are relatively prime. The 
following lemmas will help us characterize those tuples which are in a cycle. 
LEMMA 2. Suppose A = (a,) is in a cycle. Then there is some j such that 
(a) aj = max A, 
(b) aj-,=Ooraj+l=O. 
Proof: Let 2 = (a;). Then since A is in a cycle, max A = max A. Suppose 
ai=maxA. Then a;=aj-aj_, and ai+,=a,,-aj+,. Thus for some 
aj = max A, aj-, or aj+ 1 is zero. 
LEMMA 3. Suppose A,, = (a,) is in a cycle with gcd(a, 1 ai # 0) = 1. Then 
maxA,= 1. 
Proof. The proof is by contradiction. Assume max A, = b with some 
ai @J (0, b}. We observe that the k-tuples (a,, a2 ,..., a,), (a,, a3 ,..., a,) ,..., 
(Uk- 1, Qo,..., akd2), and (ak-,,ak-Z,..., o a ) are essentially the same with 
regard to the differencing process. Thus we may assume that A, is of the 
form A, = (a,, a,, a,,..., a,, al+,,...) where a& {O,b}; a, E {Q bj, 
i = 1, 2,..., 1; aj=b and aj+, = 0 for some j between 1 and I - 1; and f is as 
large as possible. Note that 12 2; further, either a,, , & {0, b} or else I= k. 
Taking differences we find 
A 1 = x0 = (a;, a’, ,..., a;, a;+ 1 ,... ), 
where 
ai)@ f&b); a:E (0, b}, i = l,..., I - 1; a;& (0,b). 
Continuing we have 
A ,- 1 = (a& a;‘,..., a; )... ), 
where 
a;’ E (0, b}, a; CE (0, b}. 
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This is a contradiction to Lemma 2 since I was chosen as large as possible. 
That is, in Al-, if $ = b, then a:!_, and uj’+ r are not zero. 
As a result of Lemma 3 we need only consider tuples containing 0 and 1. 
This we do in the next section. 
3. CHARACTERIZATION OF TUPLES IN CYCLES 
Henceforth we will consider only tuples of O’s and 1’s. Thus by A = (ai) 
we will mean ai E {0, 1 }. Note that now the process of differencing is the 
same as addition in Z, since 
IUi-"~+IIsUi+ui+l (mod 2). 
Thus we shall write 
C;;J> = t”i + ui+ 113 
where it is understood that addition is modulo 2 (subscripts are of course 
still reduced modulo k). 
For such tuples we can explicitly determine the successors, A 1, A, ,..., of 
A 0’ 
THEOREM 1. Let A, = (a,) and A, = (by). Suppose the 2-udic expansion 
of n is n=Cr=‘=,a,2’, a,#O. Then 
b; = 1‘ uj, 
j’;; 
(1) 
where J is the set of all j = Cfzo /3,2’ for which /I, = 0 whenever a, = 0. 
Further 
bf= 1 aj+i. 
jsJ 
(2) 
ProoJ Before proving the theorem we give an example to illustrate (1). 
Suppose n = 19 = 1 + 2 + 24. Then bt9 = cj,, a,, where J= (0, 1,2, 3, 
16, 17, 18, 19). 
The proof is by induction on n. Clearly (1) and (2) hold when n = 1. 
Suppose (1) and (2) hold for n > 1. Thus we have 
b i”=b,“+b;= xaj+ 1 uj+,. 
isJ jaJ 
There are three cases depending on n = C:yo (x,2’: 
(3) 
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(9 n = Cr= I a, 2”, 
(ii) n=~f~~2St~~E,+,a,2S, l<Z,<N-2, 
(iii) n = X:=0 2”. 
For each case n -I- 1 is 
(i) n + 1 = CrzO ~f,2~, a, = 1, 
(ii) n+1=2f+~~~‘=,+,a,2S, l<Z<N-2, 
(iii) n+ 1 =2N+ 1. 
Now (3) gives L$” = z,eJaj, where f is 
(i) J= {j=C~=V_OP,2S(a,=O~p,=Ofor s> l}, 
(ii) ~={j=C~=,B,~2S)a,=O=>p,=Ofors>Z}, 
(iii) j= {O, N + 1 \. 
Thus (1) is shown: (2) follows similarly. 
COROLLARY 1. Let A, = (Ui). Then 
A *R = (Ui + Ui+ 2”). (4) 
Two k-tuples (ai) and (bi) are said to be inverses if ai + bi z 1 (mod 2) for 
i = 0, l,..., k - 1. We denote the inverse of (aJ by (a”;). The next lemma 
shows that inverses have the same successor. 
LEMMA 4. For any tuple (a,), (G) = (cil>. 
Prooj The proof is immediate by considering the various possibilities ui 
and ai+, . 
A k-tuple A = (al) is said to be even if C~Z; a, = 0 (mod 2). A tuple 
which is not even is odd. We can now characterize those tuples which are 
successors. 
LEMMA 5. A tuple A, = (al) is a successor of a tuple A _ 1 = (bi) if and 
only if A, is an even tuple. 
ProoJ If A, is a successor of A-, , then 
Ui E bi + bi+ 13 i = O,..., k - 1 
(recall thet addition is modulo 2). Thus 
k-l k-l k-l 
\‘ 
,q 
a,= \,: (bi+bi+,)=2 2: b,=O(mod2) 
i=O i=O 
and A, is even. 
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Now suppose A, is even. We construct a predecessor A -1 of A, as 
follows: 
b,= 1, 
bj= bj-1 t aj-1, j = l,..., k - 1. 
By definition ai G bi + b,, , , i = 0 ,..., k - 2. By (5) 
k-l k-l 
x (bj tbj-,)E 1 Uj-1 
(5) 
which is equivalent to 
k-2 
b,tbkml= x a,. 
i=O 
Since A, is even, cf:l a, E (I~-, (mod 2). Thus b, t bk-, = ak-, and 
(6) = (at). This completes the proof. Note that the inverse of A _ 1 is also a 
predecessor of A,. 
We seek to characterize those k-tuples which are in a cycle. In order to do 
this we need to generalize the idea of an even tuple. Suppose k = 2’k’, where 
k’ is odd and greater than one. We say a k-tuple is r-even if 
k'-I 
\‘ a 
EO 
2r,+, = 0 (mod 2), j = o,..., 2’ - 1. 
For example, if k = 12, then A = (aJ is 2-even if 
(6) 
a, + a, t as = 0, 
a, +a, ta,=o, 
a, t U6 + a,, s 0, 
a3 t a, t a,, = 0. 
Note that if k is odd, then a tuple is O-even if and only if it is even. It is r- 
even tuples which are tuples in cycles. To prove this we need the following 
lemma. 
LEMMA 6. Let k = 2’k’. Suppose A, = (q) is r-even. Then A, has a 
predecessor A _ , which is r-even. 
ProoJ First suppose r = 0. Then by Lemma 5, A, has two predecessors 
which are inverses. Since k is odd, exactly one of these predecessors is even. 
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Now suppose r > 0. Since A,, is r-even, it is even and hence by Lemma 5 
has predecessors B = (bi) and B = (6,). Let 
k’-I 
Oj~ “ bz,i+jr j = o,..., 2’ - 1. 
i=O 
(7) 
Since a, E bi + bi+ 1, 
k’-1 
Or \‘ a*,i=aofo,. 
,G 
Thus either 
(a) cro = crl E 0 (mod 2) 
or 
(b) u. = cri I 1 (mod 2). 
If (b) holds, then 8, = 0 (mod 2) where si is defined as in (7) for the tuple 8. 
Thus we may assume (a) holds. By considering C:l;,-,’ uzrI+ i we find u2 = 0 
(mod 2) and thus B is r-even. Note that if B is r-even, its inverse B is not r- 
even. 
THEOREM 2. Let k = 2’k’. A k-tuple is in a cycle if and only if it is r- 
even. 
Proof. Suppose A, is r-even. By Lemma 6, A, has a predecessor A- I 
which is r-even. Likewise A _ , has an r-even predecessor A-, , and so forth. 
Since there are only a finite number of r-even k-tuples, there exists an n such 
that A -” = A -jr 0 < j < n - 1. Let n be as small as possible. Then 
A A -n, -n+ ,,..., Lj-, forms a cycle. But x-,-i = Amj and thus A-,, =A,. 
Now suppose that A, = (aJ is in a cycle. Then there exist A-, , 
A - * ,.**, such that 2 .=A-i+l; 
LetA -zt=zibi). Then by (i) 
note that the AUi need not be distinct. 
Thus we have 
aj = bj + bj+2,. 
k'-I k’-I k’-1 
\‘ U*ri+j E \‘ 
15 
(bzri+j + b,ro+ I,+,) = 2 1 bzri+j E 0 (mod 2) 
i=O 
and A, is r-even. 
Thus for k = 2’k’ exactly 2k-2’ of the 2k k-tuples are in a cycle, It is now 
relatively easy to characterize the lengths of the non-trivial cycles. 
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THEOREM 3. Let k = 2’k’ with k’ odd and greater than one; r > 0. Let 
m be the order of 2 in U,,, the group of units of Zkr. Then the maximum 
length of any cycle is 2’(2” - 1). Further, if a cycle has length 1, then I 
divides 2r(2m - 1). 
Proof: By (4), for any A,= (a,), Azn= (ai + ait2”}. Now 2”‘~ 1 
(mod k’) implies 2”+’ s 2’ (mod k). Since subscripts are reduced modulo k, 
A,, = AZ,+,. 
Thus the maximum length of any cycle is 2’+” - 2’ and for every cycle of 
length 1, I divides 2I(2, - 1). 
Using an observation of Zvengrowski [9], Richman has characterized the 
length of all cycles of k-tuples. 
THEOREM 4 (Richman [S]). Let k be odd and F be a splitting field of 
xk- 1 over Z,. Then m is the length of some cycle of k-tuples if and only $ 
m is the least common multiple of some subset of 
{ord,(y+ 1): yEF,y”= 1, and yf 1). 
Here ord,( y + 1) denotes the order of y + 1 in the multiplicative group E*. 
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